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Abstract--The well-known Volterra integral equation i  linear viscoelasticity s treated to characterize the 
response of nonlinear viscoelastic materials. In this context, a procedure is presented which includes a 
differential pproximation f the time-dependent kernel and an optimization procedure and leads to an 
optimum selection of certain parameters such that the deviation of the theoretical results form the 
experimental d ta is minimal. The formulations are then applied numerically tothe case of natural cellulose 
fibres by using available experimental d ta on the relaxation ofsuch fibres. The results of the investigation 
prove the close accuracy of the predictive ability of the model within the range of strain levels considered. 
I. INTRODUCTION 
From a phenomenological point of view, the concept of the relaxation function in linear 
viscoelasticity can be expressed in terms of Volterra[1] response quation as follows: 
~'(t) = E" e ' ( t ) -  R"(t - ¢)e'( , )  dr  (1) 
where 6'(t), e'(t) are the stress and strain tensors respectively at time t, E" is the elastic tensor 
modulus and R' ( t  - ¢) is the relaxation function which is usually a positive decreasing function 
of time. 
2. NONLINEAR RHEOLOGICAL RESPONSE 
While equation (1) represents the linear viscoelastic response, the nonlinear response 
behaviour of real material is significant [2, 3]. Thus, for the formulation of the response in this 
case, the method first outlined by Distefano and Todeschini[4] is applied such that the Volterra 
equation read now for the uniaxial case as follows: 
f0 t ~(t) = g(e(t) ,  kt ,k2, . . )  + h(e(,'), b tb2, . . )R( t  - I') dr (2) 
in which ~(t), e(t) are the scalar components of stress and strain respectively at time t in the 
sample subjected to uniaxial loading. In this equation, the function g(.) corresponds to the 
elastic response in a parametric form, whereas the function h(.) accounts for the nonlinear 
hereditary effects and is also given in a parametric form. In these two functions, unknown 
constants kt, k2 . . . .  and bt, b2 . . . .  are respectively involved. The choice of the functions g(.) 
and h(.) is guided by a qualitative knowledge of the viscoelastic behaviour of the material. The 
function R(.) is the relaxation function for the uniaxial case. In a strict sense, this function is 
assumed to satisfy an Nth order differential equation with constant coefficients of the following 
form: 
aoR +atR  ") + a2R ¢2) + • • • + aN_tR ¢N-~) + R (N) = 0 (3) 
in which ao, at . . . . .  aN-m are unknown coefficients. 
In order to simplify the analysis, one can introduce for the instantaneous response a single 
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elastic constant, E, only. Let, also, the constant strain being applied to a specimen during a 
relaxation experiment be denoted by *ei, where i = 1,2 . . . .  n (n corresponding to the number 
of experiments). Then, equation (2) can be rewritten in a reduced form for a fixed time t within 
the range of the whole relaxation experiment in the following manner: 
f0 "6j(t) = E*e~ + h(*ei, bl, b2 . . . .  ) R(r) d~ (4) 
where the oversign" is used to indicate the theoretical stress. 
In order, however, to find the unknown constants b~, be . . . .  and to solve for the relaxation 
kernel RO'), it is convenient o adopt a minimization procedure as outlined below. In this 
context, the adopted procedure will he presented whilst an actual numerical evaluation for the 
nonlinear heological response of natural cellulose fibres is presented in Section 4. 
3. APPROXIMATE SOLUTION OF THE RELAXATION KERNEL 
Whilst equation (4) has been shown in a general form for the relaxation of a nonlinear 
viscoelastic material, a solution of the kernel R0") can only be given in an approximate form. 
For this purpose quation (5), below, will be used which is based on experimental observations 
of the relaxation behaviour of the material. Thus, denoting the experimental stress by *6, one 
can express analytically the experimental relaxation curves as a function of the applied stress 
and time for a number of experiments i = 1,2 . . . . .  n in the following manner: 
*~i(t) ffi *~i + G~O~(t, rail, mi2 . . . .  ) (5) 
in which "6  = E*e~ is the applied stress at t = 0, G~ are constants and Odt, mm m~2 . . . .  ) are 
functions of time. The shape of the experimental relaxation curve suggests the form of the 
function 0~(.) for the type of material under consideration. In equation (5) the constants G~ and 
mtt, m~2 . . . .  are required to he determined for each experiment i by a standard fitting 
procedure. 
In order to use the experimentally available data of the relaxation of the material by means 
of equation (5), it is evident that the coefficients in (3) have to be found by an optimization 
procedure such that the kernel fdR(¢)d¢ in equation (4) is approximated by functions 
Or(t, m~l, mj2 . . . .  ) of equation (5). Thus, using this approximation, it may be convenient o 
identify: 
.d  l r  
R(¢) =~ O~(t, ran, mi2 . . . .  ) = FiJo (6) 
where the time T represents the total time for each relaxation experiment. 
By substituting the values of Fj corresponding to equation (6) into (3) and using the method 
of differential approximation[5], we require that the functional: 
~t y{aoF~ + air[ t~ + a2F[ 2) + " ' "  + aN_IF~ N-t~ + I"?N)} 2 dt (7) 
be a minimum with respect o all possible choices of the coefficients ao, al . . . . .  aN-~. The limits 
of the integral in the above equation and the sequel are taken from 0 to T. 
The minimization of expression (7) with respect o the a~(j--0, 1 . . . . .  N -  1) leads to a 
system of N-simulateous linear algebraic equations which can he written in the following form: 
(8) 
where i = 1,2 . . . . .  n, and j : 1,2 . . . . .  N - 1. 
This system of N-simultaneous algebraic equations is to be solved for the coefficients 
a~(j = 0, 1 . . . . .  N - 1) of equation (3). 
Numerical analysis in nonlinear viscoelasticity 141 
Having determined the coefficients of the linear differential equation (3), one solution of this 
equation may be assumed to be of the form R(r) = exp (FT). In order that his solution satisfies 
the linear differential equation (3) identically, one must have the characteristic equation: 
a,,+a,F+a2F2+ -a. +uN_,FN-‘+FN =O. (9) 
This expression yields N-roots F,(I = 1,2,. . , N) which correspond tothe N-solutions of the 
original inear differential equation. Hence, the general solution can be written as a linear 
combination of the N-solutions of the form: 
R(7) = 2 4 exp (Ed 
/=I 
where Dr(I=l,2,. . . N) are constants obe determined. 
Now, by combining equations (4) and (10) it follows that: 
-&(t) = E*ei + h(*ei, b I* b 2,. . .)$,A DAexpUW- 1) 
b, =$ z=1,2,..., N and i=l,2,...n 
> 
. 
The identification problem of the nonlinear viscoelastic response of the material can now be 
formalized in the following manner: 
Given n independent experimental functions *&(i = 1,2,. . . , n), equation (5), corresponding 
to applied strains *ei, we wish to find the constants b,, b2,. . . and D,(Z = 1,2,. . . , N) in the 
constitutive equation (11) such that the functional: 
ZZ(h, bz,. . , bI,= 8 V,/( “h(t)-*&(t))Sdt (12) 
is minimized. For the purpose of minimizing this functional, a quadratic expression of the 
difference between the theoretical stress *t(t), (i = 1,2,. . . , n) which is given by equation (11) 
and the experimental stress *b(t) as given by equation (5) is used and where ri(i = 1,2,. . . , n) 
represent suitable positive weighting factors. 
Once the values of the unknown constants of equation (11) have been determined by the 
above procedure, this equation may be used as a “model equation*’ for the rheological 
behaviour of nonlinear viscoelastic material. 
4. NUMERICALEVALUATION 
The foregoing procedure is applied for the case of natural cellulose fibres. The relaxation 
data as derived from the experimental relaxation curves of these fibres are first fitted to a 
convenient form of the analytical expression (5). Secondly, numerical schemes are developed 
for the differential pproximation f the relaxation kernel as discussed above and, hence, for 
the minimization f the objective function (12). 
4.1 Fitting the experimental data of relaxation 
The experimental curves, Meredith(21, showing the relaxation stress against the logarithm of
time are represented in Fig. 1 for natural cellulose fibres (cotton) in tension. 
Referring to expression (5) and the shape of the relaxation curves of Fii. 1, one may express 
the relaxation stress of natural cellulose fibres as a function of time in the following manner: 
*&(t) = *& - Gitmi (i=l,2,...,5) (13) 
where *& is the instantaneous stress at time t = 0 and Gi and mi are constants. 
It is thus required to fit for each experiment the parameters Giand mi in equation (13) such 
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that the relaxation stress *{~i(t) gives a reasonable representation of the outcome of the 
relaxation experiment. The values of these constants, Haddad [3], are given in Table I. 
4.2 Di~erential pproximation of the relaxation kernel 
With the foregoing obtained information from the experimental relaxation data of natural 
cellulose by means of equation (13), one can proceed using the method of differential 
approximation indicated in Section 3 to determine the coefficients of the linear differential 
equation (3). 
Comparing equations (5) and (13) it is evident that for the case of natural cellulose the 
function Of(.) takes the following form: 
Of(.) = - t  m,. (14) 
Consequently, one can write in view of equations (6) and (14) that: 
r, = d(-tm,) (15) 
from which the jth derivative required for equation (8) can be written as: 
d j+l 
I', °) = dt--'m(-t") = -m,(mf - 1)(mr - 2). . .  (mr - i)t"r-~-t ( j=0,  1,2 . . . . .  N - l ) .  (16) 
A straightforward matrix inversion method has been used to solve the system of the 
simultaneous algebraic equations (8) for the coefficients al(j = 0, 1 . . . .  , N -  1). However, it 
should be mentioned that with reference to equation (16) and in view of the values of 
~( i  = 1,2 . . . . .  5) indicated in Table 1, the singularity of the terms of (8) prevents the use of the 
lower limit of the integration of this equation to be zero. This problem has been solved here by 
talcing the lower limit of the integral 0.09 hr. The results of the computations are presented in 
Table 2 for N=3,4  . . . . .  8. 
Having determined the coefficients a;(j = 0, 1 . . . . .  N -  1) it is possible to continue to find 
the roots of the characteristic equation (9). In this context, the Secant method has been 
employed and the numerical values of the roots Ft(I = 1,2 . . . . .  N) of equation (9) are given in 
Table 3. 
4.3 Minimization of the objective function (12) 
We continue to determine the values of the unknown constants of the model equation (1 I) 
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Fig. 1. Experimental re axation curves of natural cellulose fibres (cotton), from Meredith[2]. 
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Table 1. Material parameters characteristic equation (13)--cotton fibres 
i *e i *~i 2 Gi mi 
cm/~ 10 8 ~, .e /~ 10 8 ayne/(~m2.hr mi) 
1 0.01 4.5 1.91883 0.06405 
2 0.02 9.7 4.28641 0.06351 
3 0.03 13.6 5.68172 0.06612 
4 0.04 17.9 6.90827 0.05839 
5 0.05 22.05 6.90621 0.06527 
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Table 2. Coefficients of the linear differential equation (3)--cotton fibres 
aj N 
3 4 5 6 7 8 
a 0 0.426757 x 103 0.629616 x 104 0.116839 x 106 0.261782 x 107 0.687618 x 108 0.207167 x 1010 
a I 0.441519 x 103 0.988387 x 104 0.249313 x 106 0.708934 x 107 0.225801 x 109 0.799109 x I0 I0 
a 2 0.496572 x 102 0.193098 x 104 0.726596 x 105 0.281851 x 107 0.115419 x 109 0.503567 x 1010 
a 3 0.891147 x 102 0.562153 x 104 0.318768 x 106 0.176208 x 108 0.984242 x 109 
a 4 0.140015 x 103 0.130205 x 105 0.103647 x 107 0.773721 x 108 
a 5 0.202358 x 103 0.260282 x 105 0.276726 x 107 
a 6 0.276144 x 103 0.469378 x 105 
a 7 0.361374 x 103 
Table 3. Roots of the characteristic equation (9)--cotton fibres 
F I N 
i/hr. 3 4 5 6 7 8 
F 1 1.099525 0. 740515 0.554445 - 0.443661 - 0. 370971 0. 319748 
F 2 - 10.089640 6. 308098 - 4.413529 - 3.325409 - 2.640529 - 2.179361 
F 3 - 38.468035 - 22.706725 - 15.347084 - 11.220736 - 8.658291 6.953434 
F 4 - 59.359363 - 38.149942 - 27.226782 - 20.638786 - 16.316638 
F 5 - 81.550000 - 55.507862 - 41.212553 - 32.142377 
F 6 -104.633550 - 74.250533 - 56.795098 
F 7 -128.372337 - 94.051185 
F 8 -152.616160 
where the function h(.) appearing in this equation is assumed to take, for the present case of 
natural cellulose, the following form: 
h(.) = exp (be). (17) 
Substituting for h(.) and 0~(.), as given by (17) and (14) respectively into (11) and (5), one can 
write the functional (12) in the following manner: 
..... N)}f ~ yi f ~G/"+-(exp(b*ei))~Dl(exp(Ftt)-l)12dt. (18) H{b, 7D,(I-- 1,2 
i . i  J l. r~-l ) 
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The computational analysis for minimizing the objective function (18) has been carried out 
by using the steepest descent method whereby the lower limit of the integral of this equation 
has been taken as 0.09hr as previously mentioned. The values of the parameters b and 
Dl(I  = 1,2 . . . . .  N) which minimize equation (18) are shown in Table 4 for N = 3, 4 . . . . .  8. 
4.4 Testing the predictive ability of the model 
To test the predictive ability of the model, the predicted values of stress have been 
computed for each experiment i, at different values of t between 0.09 and 2 hr and for 
N = 3,4 . . . . .  8. This has been carried out by using equation (11) whereby the function h(.) 
appearing in this equation is given by equation (17). The predicted values of stress have been 
then compared with the experimental ones of the same time. The mean square error, [M.S.E.], 
has been computed for each experiment at each value of N through the relation: 
[M.S.E.] = 
X 
{ "~(t,) - * ~( t t )}  2 
X 
(l = 1, 2 . . . . .  X, tx within the domain of T). 
(19) 
Table 5 shows the mean square error for each experiment i(i = 1,2 . . . . .  5) as associated 
with an order of optimization N. The total mean square error reaches a minimum value of 
N = 4. The predictive ability of the model is also demonstrated in Fig. 2 for strain levels 0.01 
and 0.02. 
Table 4. Values of the parameters characteristic equation (il)--conon fibres 
^~, N 
108 d~m/cm 2 3 4 5 6 7 8 
^9 
^D 3 
^D 6 
^D 7 
^D 8 
64.848773 -1.279786 0.681772 -0.191855 -1.472124 -2.125503 
61.622924 75.680531 75.206427 74.943738 74.828227 74.793207 
85.071193 99.129241 98.657634 98.424634 98.368221 98.355531 
34.74769 34.276117 34.043117 33.988159 33.976572 
17.350358 17.350358 17.295414 17.283834 
20.684165 20.629207 20.617627 
24.108952 24.097379 
27.570524 
b -6.49227 -7.01154 -9.51815 -13.04031 -14.58507 -14.92895 
Table 5. Mean square error 
Wean ScjuazQ Error, [108 dy~e/cm2] 2 
i *e i 
N-3 it-4 N-5 it,6 I#-7 N-8 
1 0.01 
2 0.02 
3 0.03 
4 0.04 
5 0.05 
0.088020 0.026856 0.034400 0.060531 0.162840 0.42276 
0.506500 0.061094 0.073541 0.111610 0.135730 0.43198 
3. 302700 1.177800 1.524300 2. 355300 1.890500 0.89025 
5.690000 2.24380 3.598600 6.396000 6.001600 3.7243 
3.598600 0. 46755 I. 816100 5.457600 5.644300 3.4196 
~tal  ~ 2.637164 0.79542 1.4093882 2.8762082 2.766994 1.777776 squa~error 
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Fig. 2. Relaxation curves of natural cellulose fibres (cotton). 
5. CONCLUDING REMARKS 
The nonlinear viscoelastic response of real material has been considered in a generalized 
manner by using the hereditary relaxation relation due to Volterra. The analytical approach due 
to Distefano and Todeschini has been adopted. In this context, a procedure has been presented 
that leads to an optimum selection of certain parameters that characterize the relaxation 
response of the material so that the deviation of the theoretical results form the experimental 
data would be minimal. The theoretical model has been applied to the relaxation of natural 
cellulose fibres in tension where the experimental data are available due to Meredith. The 
results of the investigation prove the close accuracy of the predictive ability of the model 
within the range of strain levels considered, i.e. *es = 0.01,0.02 . . . . .  0.05. In this range of strain, 
the total mean square error reaches a minimum value at N = 4 for the time range between 0.09 
and 2 hr. 
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